ON CERTAIN INTEGRAL TENSOR CATEGORIES AND INTEGRAL 

TQFTS 



QI CHEN 

Abstract. We construct certain tensor categories that are dominated by finitely many 
simple objects. Objects in these categories are modules over rings of algebra integers. We 
show how to obtain TQFTs defined over algebra integers from these categories. 



1. Introduction 

The goal of this note is twofold: (1) to give certain tensor categories dominated by finitely 
many simple objects (cf. section [Z.l^ . (2) to construct topological quantum field theories 
(TQFTs) whose ground rings are algebraic integers (or integral TQFTs for short) (cf. sec- 
tion We use representation theory of quantum groups in the construction. Results in 
this note are related to those in 0, [(jKj and [TT] . 

We fix a complex simple Lie algebra g, an integer r and a primitive r-th root of unity 
throughout this note. 

Let = Uv{q) be the quantum group associated to q. It is well known that Ut, is a 
Hopf algebra over the ring Q(f) where v is a formal parameter. Hence the category of 
finite-dimensional Ut,-modules of type 1 is a tensor category (cf . section 12., Sj) . It turns out 
that V„ is equivalent to the category of finite-dimensional g-modules (cf. 6.3 of |Luj ) . 

Let A = 7j[v,v^^]. Lusztig showed that has an yi-subalgebra U4 which inherits the 
Hopf algebra structure from U„. Let Uc = Ua ®yi C (resp. = Uyi (Si a ^[C]) where C 
(resp. is considered as an yi-algebra by sending v to ^. The category Vc (resp. V^) of 

finite-dimensional Uc-modules (resp. finite-ranked U^-modules) of type 1 with the ground 
ring C (resp. Z[^]) behaves very differently from 

If r is prime to the non-zero entries of the Cartan matrix for g and is bigger than the Coxeter 
number, then Andersen proved in that (in the language of |Kij ) there is a full subcategory 
of Vc which has a quotient category dominated by finitely many simple objects. (This 
is proved in |GKj when r is prime and big enough.) Objects in these categories are vector 
spaces over C. The following proposition is our first main result. 

Proposition 1.1. If q is not of type Es,F4 or G2 and r is a prime bigger than m(g) then 
there exists a subcategory V'^ of which has a quotient category V'^ dominated by finitely 
many simple objects. 

See section |1] for m(g) and the construction for the categories. Note that objects in are 
Z[^]-modules of finite rank. This is essential to our construction of integral TQFTs. In the 
construction we have to restrict the allowed 3-cobordisms (cf. section HO]) . TQFTs for such 
restricted 3-cobordisms will be denoted by (S+, r) (as opposed to (T, r) for the non-restricted 
ones) . 
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Proposition 1.2. Ifr and q are as in proposition^^ then there exists a TQFT {§^,t) such 
that the images o/S+ are free 7j[S^]-modules of finite rank. 

This proposition is contained in proposition 16.41 It provides us infinitely many mapping 
class group representations over which may shed lights on the structure of mapping 

class groups. 

The note is organized as follows. Basic knowledge is recalled in section [3 Sections 01 
and El deal with representations of quantum groups at generic parameter and root of unity 
respectively. Proof of proposition 14.41 occupies sectional Integral TQFTs are constructed in 
section (HI 

2. Preliminaries 

The material in this section is quite standard and may be skipped. 

2.1. Tensor categories. A good reference for this subsection is |Kaj . A category C is a 
tensor category if 

(a) each hom-set Home(f7, V) is an additive abelian group and composition of morphisms 
is bilinear relative to this addition, 

(b) C has biproduct (or direct sum) U (BV for any two objects U and V, 

(c) there is a bifunctor (8) : C x C — > C which is associative up to a natural isomorphism, 
called the associativity constraint, 

au,v,w ■■U(S){V0W)^ {U®V)®W, 

(d) C has an object Ig, unique up to natural isomorphism, and two natural isomorphisms, 
called the left and the right unit constraint, 

(e) associativity, left unit and right unit constraints satisfy the pentagon and the triangle 
axioms. 

Our definition of a tensor category is different from the usual one, which assumes neither 
(a) nor (b). Let C be a tensor category. We say C is dominated by a set of objects A if 
every object is a direct sum of objects from A. Such a set is called a dominant set of C. The 
ground ring of C is fee = Home(le, Ig). An object [/ in C is simple if Home(C/, U) = ke- If 
C is dominated by the set of simple objects then it is said to be semisimple. 

A tensor category is said to be strict if its associativity, left unit and right unit constraints 
are all identities. By Mac Lane's coherence theorem, every tensor category is equivalent to 
a strict one. Therefore we assume all tensor categories in this note to be strict. A tensor 
category C is said to have duality if 

(f) there is a contravariant functor * : C — > C, (For any object U and any morphism / 
we denote *{U) and *(/) by U* and /* respectively.) 

(g) for every object U there are two morphisms, called the coevaluation and the evaluation 
respectively, 

bu ■.le^U(^U*, du ■■ U* U ^ le, 

such that 



(Idc/ (g) du){bu O Idu) = Idu, {du ldu*){ldu' (S> bjj) = Idu- 
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Let e be a tensor category and P:exe— s-SxCbe the flip functor defined by P{U, V) = 
{V, U). Then C is said to be braided if there is a natural isomorphism c between ^ and (8)-P 
which satisfies the hexagon axiom. Denote cu,v U ^ V ^ U for the braiding between 
U and V. 

Let C be a braided tensor category with duahty. A twist is a natural transformation 9 
from the identity functor of C to itself such that 9vi^w = (^v ^ dw)cw,vcv,w and &v* = &v 
for all objects V, W in C. A braided tensor category with duality is called a ribbon category 
if it has a twist. 

Let C be a ribbon category with a finite dominant set A. Set suy = tTq{cu,vcv,u) for every 
pair U,V e A. Here 

tr<7(/) = t'c{dwcw,W'{fOw ^ U)bw) G ke 

is the quantum trace of / : — > W. The matrix (sf/.v);7,V'eA is called the S'-matrix of C 
with respect to the dominant set A and is denoted by S{Q, A) or simply S{Q) if A is clear 
from the context. 

A ribbon category C is said to be a modular category if 

(h) it has a finite dominant set A, 

(i) A contains the identity object Ig and is closed under duality, 
(j) S{Q,A) is invertible over kQ. 

2.2. Lie algebras. Let {uij), i,j = l,...,i,he the Cartan matrix and $ be the root system 
of g. Fix a Cartan subalgebra f) of g and a set of simple roots Hj, = {ai, . . . , a^} in its dual 
space f)*. We consider Ilf, as a subset of Let X and Y be the weight lattice and the root 
lattice of g. The order of the group X/Y is det(ajj). Let be the set of dominant weights. 
For any a, /3 G X, we say a>/3ifa — /3g Z+IIf,. This defines a partial ordering on X. Let 
= {a G $ I a > 0} be the set of positive roots. 
One can define a symmetric bilinear form (•!•) on f)* in the following way. Multiply the i-th 
row of (aij) by di € {1, 2, 3} such that (diQij) is a symmetric matrix with di = l,i = 1, . . . ,£ 
or \{di}\ = 2. Set {ai\aj) = diaij. This bilinear form is non-degenerate and is proportional to 
the dTial of the Killing form restricted on [). Set d = maxi<i<^{(ij}. Let ao be the highest short 
root with respect to li^. The Coxeter number h = (p|ao) + 1 where p = ^ X]a>o Then 
we have /i = £ + 1, 2£, 2£, 2£ - 2, 12, 18, 30, 12, 6 when g = A^, Be, Ci, Di, Eq, E7, Eg, F4, G2 
respectively. 

The fundamental dominant weights Aj, i = 1, . . . , i are defined by 2{\i\aj) / {aj\aj) = Sij. 
Here 6ij is the Kronecker symbol. Then X and X^ are Z-span and Z_|_-span of A^s. 

Let Vg be the category of finite-dimensional g-modules over C. Then Vg is a semisimple 
tensor category whose simple objects arc parameterized by the dominant weights, i.e. for 
each dominant weight A there exists a unique simple g-module gVx of highest weight A and 
all simple objects in Vg are of this form. 

The Weyl group W acts on X and Y naturally. For each integer m > 0, the affine Weyl 
group Wm is a group of linear transformations of f)* generated by the Weyl group W and 
the reflection Sm along the hyperplane Fm = ^ f)* I (a;|ao) = rn}. There is another Wm 
action on [)*, called the dot action, defined by w.x = w{x + p) — p where the action on the 
right-hand side is the natural one. Set 

Cm = {x & i)* I {x + p\ao) < 171,0 < {x + p\ai) for i = 1, . . . , £}. 
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A fundamental domain of the dot action of Wm on f)* is Cm, the topological closure of Cm- 
It is well known that Wm = W t< mY. 

2.3. Quantum groups. Notation in this subsection is consistent with that of jjj except that 
we substitute q there by v. Recall that the quantum integer 



n 



Vi - V,: 



-1 



for n G Z where Vi = v'^\ the quantum factorial [n]\ = 11^=1 [^]« n > 0, and the quantum 
binomial coefficient 



[aUa-l]i---[a-b+l]i/[bYi 



with a,b £ Z, and 6 > (with the convention that [q] . = 1). 

The quantum group = U^,(g) associated to g is a non-commutative Q(7;)-algebra gen- 
erated by Ei, Fi,Ki and K^^ (for i = 1, . . . ,£) with the following relations. For i,j = 1, 



L, . . . , -U, 



K^K-^ = 1 = K-^Ki 



K,Kj 



-1 



J' 



and if i 7^ j 



l-aij 

E 

k=0 
I— a 



EiFj — FjEi 



1 — a~ 



k=0 



1 - ttij 



k 



5 K^-Kr 

-1 

Vi - V: 



e] ^EjE\ 



pi aij k p 



For a = kiUi G y, we denote ■ iT^^' by Ka- 

A Ut,-module M is said to have type 1 if it admits a weight space decomposition 

(1) ^ = 

where = {x e M | Ka{x) = If ^ then A is called a weight of Af . A type 

1 Ut,-module is said to have highest weight A if all of its weights are less than A, with respect 
to the partial ordering on X defined in section 12.21 

One can put a Hopf algebra structure on U^, with coproduct Au„, antipode S\j^, and 
counit eu„ defined by 

Au, {Ei) = Ei®l + Ki®Ei, eu,„ {Ei) = 0, 5u, {Ei) = -R-^Ei, 
Au,, {F^) = Fi® K-^ + l(^Fi, eu„ {Ei) = 0, 5u„ {Ei) = -EiKi, 
Au^{K,) = K,®K,, eu^{Ki) = l, Su^{Ki) = K-\ 

Therefore the category V„ of finite-dimensional Ut,-modules of type 1 is a tensor category 
with duality. The tensor product and the duality are the usual ones. The unit object 1 = lv„ 



ON CERTAIN INTEGRAL TENSOR CATEGORIES AND INTEGRAL TQFTS 



5 



is the one dimensional representation ^q. The coevaluation and the evaluation are 



bv ■.1^V(S)V* 
dv -V* ®V ^1 



defined by bv{l) = X]j ^ 
defined by dv{f (8) a) = /(a), 



where {ej} and {e*} are bases of V and V* with e*(ej) = 5ij. Let yVx, A € X+, be the module 



of highest weight A in V^, with dim AI^ 
have 



1. Recall that wq is the longest element of W. We 



Proposition 2.1 (cf. tLul proposition 6.3.6). is semisimple and yVx, A G deplete all 
simple objects in Vy. Furthermore yVx* = vV-woix)- 

Recall that A 



E^^\f^''\k,,K7^ fori 



Let U/i be the yi-subalgebra of generated by elements 
and n e Z, n > 0. The Hopf algebra structure on U^, 
can be restricted to U4. Let Uj^, and be the subalgebras of U/i generated by 

^l'" I c,t G Z,t > 0} respectively. Here 



-1 



Ki;c 



n 

s=l 



Then Ua = V^U^^V^. 

The subalgebra Uy^ is a free ^l-module. It has two bases, the PBW basis P and the 
canonical basis B. The canonical basis is unique while the PBW basis is unique up to the 
choice of a reduced expression of wq. The definitions of these bases are quite involved and 
we refer the readers to jjj for details. 



2.4. TQFTs based on a ribbon category. This subsection is a recap of section 2.2 of jCLj . 
See also IV of ^T and section 3.3 of ^BK) . Manifolds are always orientable and smooth. Maps 
between manifolds are always smooth. Non-zero (tangent or normal) vectors are equivalent 
up to scalar multiple. We fix a ribbon category Jl in this subsection. 



2.4.1. Ribbon graphs. A band is a homeomorphic image of [0, 1] with a non-zero normal field. 
The images of and 1 are called the bases of the band. An annulus is a homeomorphic image 
of with a non-zero normal field. A band or an annulus is oriented if it is equipped with 
a non-zero tangent field. A coupon is a homeomorphic image of [0, 1] x [0, 1] . The images of 
[0, 1] X and [0, 1] x 1 are called the bottom and the top of the coupon respectively. Coupons 
are always oriented. 

Let M be a 3-manifold. A ribbon graph f2 in M is a union of oriented bands, annuli, and 
coupons embedded in M such that the bases of bands are on dM or the bottoms/tops of 
coupons. 

Let be a ribbon graph. An 3l-coloring of is an assignment to each band and annulus 
of O an arbitrary object of 31, and to each coupon of a morphism of 3?. A ribbon graph 
O together with a 3i-coloring fj, is called a 3?-colored ribbon graph, denoted 0(//). A ribbon 
graph is partially 3i-colored if some bands and/or annuli and/or coupons are iR-colored. 
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2.4.2. Extended surfaces. An 3i-mark on a closed surface F is a point p onT associated with 
a triple (t, V, v), where t (direction of the mark) is a non-zero tangent vector at p, V (label of 
the mark) is an arbitrary object from 31 and i' (sign of the mark) is + or — . An 3i-extended 
surface (or e-surface for short) is a closed oriented surface T together with a finite set of 
3l-marks on it and a decomposable Lagrangian subspace of -ffi(r, Q). If F is an e-surface we 
denote by — F another e-surface obtained from F by reversing the orientation of F, keeping 
the Lagrangian subspace and, for every Ul-mark on F, changing its sign while keeping its label 
and direction unchanged. The empty surface is considered an e-surface with no 3i-marks. 

An e-homeomorphism between two e-surfaces is a homeomorphism between the underlying 
surfaces respecting the extended structure. 

2.4.3. Extended cohordisms. An IK-extended 3-manifold is a triple (M, $7, w) that consists of 
an oriented 3-manifold M, an integer w (weight of M) and an Ul-colored ribbon graph i7 
sitting in it. The boundary of M is an e-surface that is compatible with Vt. 

An 3i-extended cobordism (or e-cobordism for short) is a triple (M, F, A) where M is an "R- 
extended 3-manifold and dM = (— F) U A (as an e-surface). An e-homeomorphism between 
two e-cobordisms is a homeomorphism between the underlying 3-manifolds respecting the 
extended structures on 3-manifolds and their boundaries. 

If (M, F, A) and (M', F', A') are two e-cobordisms and there is an e-homeomorphism / : 
A — > F'. One can glue these two e-cobordisms along / to get a new e-cobordism (M 
M',F,A'). Here M Uj M' is an 3i-extended 3-manifold with an Ul-colored ribbon graph 
(obtained by gluing ribbon graphs in M and M') sitting inside and weight computed as in 
IV.9.1 of T . 

2.4.4. TQFTs based on Ji. Let K he a commutative ring with unit and Mod(-fC) be the cate- 
gory of projective i('-modules. Let 6(3?) be the category of e-surfaces and e-homeomorphisms. 
A topological quantum field theory (TQFT) based on 3? with ground ring K is a pair 
(T, r) = {7oi, T3j). Here T : 6(01) ^ Mod(K) is a modular functor, cf. III.1.2 of T , based on 
Jl with ground ring K and r assigns to every e-cobordism (M, F, A) a X-homomorphism 

r(M) = r(M,F, A) : T(F) ^ T(A) 

that satisfies the naturality, multiplicativity, functorality and normalization axioms. 

Let {7, t) be a TQFT based on Jl with ground ring K. For an e-cobordism (M, 0, F) one 
has r(M) : K T(F). Denote r(M)(l) G T(F) by [M], called a vacuum state in T(F). The 
TQFT is called non-degenerate if for every e-surface F, the module 7{T) is generated over K 
by vacuum states. 

An e-cobordism with closed underlying 3-manifold is called closed. The image of a closed 
e-cobordism (M, 0, 0) under a TQFT is a linear map from K to K. Therefore [M] € K. The 
following definition is due to Gilmer [U] . 

Definition 2.2. Let D be a Dedekind domain contained in K and £ be an element in 
K. A TQFT (T, r) is called almost (Z)-)integral if £.[M] is in D for every closed connected 
e-cobordism (M, 0,0). 

2.5. Twisted modules. Let if be a commutative ring and vl be a if-algebra. Let V be an 
^-module and f : A ^ A he a if-algebra endomorphism. One can define another ^-module 
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structure on V induced by /. We denote V with this induced ^-module structure by -^F. 
Let • and • / denote these two actions oiAonV then 

X -f u = f{x) ■ u, y X G A, u € V. 

Let g : A ^ Ahe a iC-algebra antiendomorphism. Then one can define an yl-module structure 
on V* = HoniKiV, K) through g. We denote V* with this induced A-module structure by 
^V*. The action of A on it is denoted by *g. (Dot is used for actions on V and asterisk is 
used for actions on V* .) One has 

(x *g a)(n) = a{g{x) ■ u), \/x G A, a & V* , u G V. 

Proof of the following lemma is left for the readers. 

Lemma 2.3. Suppose V, W are A-modules and f : A ^ A is a K-algehra automorphism. If 
g : A A is a K -algebra endomorphism (resp. antiendomorphism) and (j) : ^ (resp. 
: -^y — > 9W*) is an A-module homomorphism then (j) can be considered as an A-module 
homomorphism V 9^ W (resp. V ^ 3f ^W*). 

We adopt the following convention: if A is a Hopf algebra with antipode Sa and V is an 
A-module then we will denote ^^V* simply by V*. 

3. Representations of quantum groups for generic v 

3.1. Finite-ranked U/L-modules. Let P and B be a PBW basis and the canonical basis 
of respectively (cf. section ESI) • Recall that yVx, A G X+, is the simple object in Vy of 
highest weight A. 

Fix an element vx € J/x'^- The Uyi-submodule /iVa of yVx generated by vx is free as 
an yi- module. The canonical basis (up to scalar) Ba of ^iVa, and yVx of course, is the set 
{bvx 0\b e B}. A PBW basis Pa of j^x is {bvx ^ 0\b e P}, which is not unique up to 
scalar. Let 

which is also a U^-module because the antipode Su^ restricts to JJj^. The following remark 
demonstrates that proposition 12. II is no longer true for j^x- 

Remark. The quantum group Ut,(s(2) is an algebra over Q{v) generated by E, F, K, K^^ with 
the relations ^ 

KK~^ = K-^K = l, EF - FE = ^ ~ ^ ^ , 

V — V ^ 

KE = v'^EK, KF = y-^FK. 
It is a Hopf algebra with antipode 5'u„(5[2) • ^vi^h) U^,(5[2) defined by 

Sij^^,,,){E) = -K'^E, S^^^,,,^{F) = -FK, S^^^,,^^{K) = K-\ 

For any integer n > there exists a unique (n + l)-dimensional U„(s[2)-module Vn over 
Q{v) with basis b„ = {ej}j=o,...,n such that the actions of E and F on are depicted by the 
diagram in figure Q where the action of F is indicated by solid lines and the action of E by 
dashed lines. Let b* = {e|}i=o,...,n C V* such that e*{ej) = dij. Using the antipode S'u^i^gij), 
one has the diagram in figure|2ldepicting the actions of E and F on Vn* where = _'(;"--2fe+2_ 
From these two diagram it is easily seen that Vn = V*. It turns out that b„ is the canonical 
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Figure 1. 




Figure 2. 



basis of Vn- Hence b„ is a basis for yjT^t and b* is a basis for j^n* ■ These two diagrams also 
show that jiVn and jtVn* are not isomorphic as U4(sl2)-modules. Proposition 13.21 below says 
that in order to have isomorphism one only needs to invert quantum integers. 



3.2. Inverting quantum integers. The Uyi-module j^x, A € X^, carries a unique bilinear 
form Hx (cf. ^HM) such that: 

Hx{vx,vx) = 1, 

Hxix, ay) = aHx{x, y) ioi a e A and x, y G yiVx, 
Hx{g ■x,y) = Hxix, if{g) ■ y) for 5 S U4 and x, y G j^x- 
Here ip is the unique Z- algebra antiautomorphism of U4 such that: 



Hx is often referred to as the quantum Shapovalov's form. We have HxijfVx^ , jiVx'^) = if 
^ ^ V and Y^ei{Hx) = 0. Let det(A) denote the determinant of the matrix of Hx in the basis 
Pa 



Proposition 3.1 f |DCKj proposition 1.9). For any A G det(A) is a product of quantum 
integers. 

Let An = 'A[l/Ni]i=i,...,^ and j^Yx = jVx ®A^n- For A G X+, let 

aYx* = Homyi„Uj^A,^n)- 

Since jYx and j^x are free modules of same rank aYx* = j¥\*®A-^n- We have 

Proposition 3.2. For A G the XJji-modules jiYx' and aYx* are isomorphic for large 
enough n where X' = —wo{X). 
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Proof. The bilinear form Hx : j^Vx ®1 j¥\ ~^ induces a U/i-linear map over ground ring 
(cf. section 

(3) Hx-.j^x^m"- 

Let ~ : Uyi U4 be the unique Z-algebra automorphism such that 



Then (p = {p o~ is an antiautomorphism for Uyi (cf. equation over A. By lemma IT^ 
equation (jSJ can be considered as a tU-module homomorphism 

Hx -aYx ^Yx* 

over the ground ring Z. By proposition 13.11 Hx is actually an isomorphism. 

There is a unique U/i-module isomorphism ~ : j\Yx aYx^ over ground ring Z, that is 
identity on the canonical basis B;^ of j\yx (cf. |Luj page 171 where ^x and B;^ are denoted 
by A-x and B(Aa) respectively). Then 

Hx = Hxo-:j,Yx^^aYx'' 

is a Uyi-module isomorphism over Z. Easy computation shows that Hx is an honest Uy^- 
module isomorphism, i.e. over ground ring A. There is a unique algebra automorphism ui of 
U4 such that 

Lusztig proved that there exists a unique U/i-module isomorphism 

X ■ aYx aYx' 
that maps Ba to ^x' (cf- |Luj page 177). Hence 



(4) Hxox-':%Yx'^Wx* 

is a U4- module isomorphism. By lemma ESI below "^Uu^ij/^, is isomorphic to%Yx'^ which in 
turn is isomorphic to ^^a* by equation (jlj). Hence ^^'3iYx' and '^Yx* are isomorphic. This 
isomorphism can be considered as an isomorphism between jiYx' and ^^y\Yx* ■ ^ 

Lemma 3.3. For any e X+, ^^'^Yt^ ^%Yt^- 

Proof. By lemma 1231 it's enough to prove Vi = ^'"^'^'AY^J. — ^2 = aV/^ (because a;^ = Id). 
Let z : Vi ^ V2 and z' : V2 — > Vi be U/L-homomorphisms such that z{v^) = and 
z'{vp) = Vfj_. They are well defined because S^^cpuj is a U/i-automorphism sending Ki to Ki. 
Since i,V^ = Vi® Q(f ) = V2 18) Q('v) is the unique type 1 simple U„-module of highest weight 
jjL, z ® Q(w) o z' ® Q{v) and z' ® Q{v) o z ® Q(t') are both identity maps. Therefore z and z' 
are inverse to each other. □ 

Set Aoo = U5^;^yi„ and aYx — .aKx ®a-^oo- Because the coproduct Au„ of restricts 
to U/i, tensor product of U/i-modules is also a U/i-module. Using proposition 13.21 and the 
canonical basis we have 

Lemma 3.4. yiVA+;, is a direct summand of j{Vx ® aY^, for A,^ G X+. 
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Proof. Let Mi = j^Yx, ^2 = A¥^., M3 = Mi ® M2, M4 = A^x+f., ^5 = AY-wo{x+^,), and 
Mg = M5 (8)M3. Also let Mq = aYo be the rank 1 Uyi-module. Following |Luj . one can define 
the canonical basis Bj for Mj. Note that B3 = B1OB2 (resp. Bg = B5OB3) is noi the tensor 
product basis Bi ® B2 (resp. B5 (g) B3). 
There is a U/i-module monomorphism 

(/) : M4 ^ M3 

that carries B4 into B3 (cf. jLuj proposition 27.1.7). To prove the lemma we need to find a 
Uyi-module epimorphism cp' : M3 —i- M4 such that cp' o cp = IdM4 • 

It is easy to see that Mg ® has a unique quotient isomorphic to Mq <8)Q(w) considered 
as objects in Vy. (Use weight argument and proposition \2.l\ ) By proposition 27.2.6 in |Luj 
one has a Uy^-epimorphism 

vr : Me ^ Mq 

carrying Bg onto Bq U {0}. There is a (U4- linear) right coevaluation i9 : Aoo Mg (g) M5 
such that 

m 

(5) m = Y.^:<^K_2p{b^). 

1=1 

Here B5 = {bi} and b*{bj) = 6ij. Suppose M4 is of highest weight in B4 and bm is of lowest 
weight in B5. By proposition 13.21 there is a U4- isomorphism ip : M4 such that 

(6) ip{b*^) = cu4 

for some invertible c € ^00 • 
Let 

(/)" = ijo (Mm* ® vr) o (t? IdMg) : M3 ^ M4. 

Since M4(8)Q(v) is simple in the category V^, (cp" o(j))(^ldQ(^y) = aIdA/4®Q(i;) for some a G Q(w). 
But (/)" and (p are defined over .Aoo ^e know that q G Aqo* 

We prove that a is invertible in Aoo and this will complete the proof of the lemma. We 
only have to look at the image of M4 under (j)" o (p. Let be the unique element of weight 
A + // in B3. Because <p takes canonical basis to canonical basis one has <p{u4^) = and 

m 

(i? (g) IdMg) o (t>{ui) = ^ 6i (g K-2p{bi) ® U3 

i=l 

(cf. equation ©). By theorem 24.3.3. (b) of |Luj bm(}us = bm us £ Bg. By proposi- 
tion 27.3.8 of |Luj 7r{bm ® u^) = uo where no is the unique element in Bq. Since bm has 
weight —A — n one has Ti{K_2p{bm) ® u^) = v^'^p^^'^^^^uq. For i ^ m, vr(K_2p(&j) ® ^^3) = 
because bi ^3 is of nonzero weight. Therefore (Mm? (g vt) o (-i? (g Mms) ° (piui) = 
By equation (jH)), we have a = which is invertible. □ 

The finite-dimensional U/i-modules of type 1 form a ribbon category whose morphisms 
have ribbon graph presentations (cf. jTj). Figure IHl presents the morphisms used in the 
proof. 

Furthermore we have 
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Figure 3. Morphisms used in the proof of lemma EU 



Proposition 3.5. For A,^ € X^, there exist ^ui, . . . , /x^ € such that 



i=l 

Proof. As we saw above, AY>^+^^ ^ direct summand of jiYx ® AYt^- ^ be the direct 
summand of jiY\ ® AYt^ that is complementary to AY>^+^^■ We must show that M contains 
a direct summand isomorphic to aYi' some u G X^. Note that M is a based module 
(cf. |Luj ) . Let J/ be a highest weight of M. By proposition 27.1.7 in |Luj M contains a 
submodule isomorphic to aYi^- This submodule is actually a direct summand. This can be 
proved similarly as the previous lemma. The only difference is that M may contain more 
than one copy of aY^ but it is easy to get around. One only has to be a little more careful 
when constructing the projection map. We leave the details for the readers. □ 

Let Voo be a category of U/t-modules and "LU-morphisms over ground ring Aqo- Objects 
in Voo are direct summands of AY^J.l * ■ ■ ■ * AYt^m where * is either or © and //j G X+ . 



For any A G aY\ simple because even its extension to 
consequence of the previous proposition is the following. 



{v) is simple in V^. An easy 



Corollary 3.6. The tensor category V^o is semisimple and aY^ ^ ^ ■^+' deplete all simple 
objects. Furthermore aY>^* — aY>^' where X' = —'Wo{X). 



4. Representations at roots of 1 

From now on r is assumed to be an odd prime greater than the Coxeter number and ^ is 
a root of unity of order r. 

4.1. U^-modules. Let = 1X4(8' where is considered as an yi-algebra by sending 
V to ^. Similarly we define U^,U^ and U^. One has = U^U^U^. We study the 
representation theory for in this section using results from section 13.21 and 0. Let 
C^A = aYx and ^V\* = Hom2[^](^y\, ^[C]) for A € X^. They are U^-modules and are 

free of finite rank as Z[^]-modules. They will be the building blocks of our construction. The 
next two lemmas concern their duality and tensor product. 
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Lemma 4.1. For X G Cj-PiXj^- and X' = —wo{X) the JJ ^-modules and^y* isomorphic. 

Note that A' € fl if and only if A € (7^ fl X+ where Cr is defined in section 12.21 Let 
cVx = (8) C, A € It is well known that cVx is a simple Uc-module for X £ Cj- Ci X+. 
Note that the image of the quantum integer [n]i in is invertible if r is not a factor of n 
and the image is otherwise. 

Proof. The quantum Shapovalov's form Hx on yiVx (cf. section l3?T|l induces a bilinear form 
on ^Va. Reading the proof of proposition 13. 21 one realizes that it's enough to show that det(A) 
contains no factor of [sr] for some integer s. Assume there was one. Then det(A) = 0. 
Since Hx can also induce a bilinear form on this would imply that has a nontrivial 
submodule, namely the kernel of Hx- We get a contradiction. □ 

Lemma 4.2. If X, fx, X + fj. e X+ n Cr then ^Vx <^ ^V^ = ®t=i^V^i with /ij G X+ n C^- 

Proof. The proof goes like those of lemma 13.41 and proposition 13.51 Remember we had to 
prove that the element invertible, which follows from the fact that c is 

invertible. Situation here is similar. We have to prove one element is invertible, which can 
be proved by using the proof of lemma ITTI and the discussion before it. □ 

4.2. Negligible objects and morphisms. Let be a full subcategory of Vg, the category 
of finite-ranked U^-modules of type 1. Every object in is a direct summand of ^V^^ -k ■ ■ ■ -k 
C^Mm where * is either (g) or © and //j G 1+ fl Cr where 1+ = y n X^ . Morphisms in V'^ are 
Ug-morphisms. (We use the root lattice Y instead of X because (1) it's required in the case 
Q = Bi and (2) it gives modular category.) 

An object V in is called negligible if the quantum trace trq(/) = tr{K2pf) = for all 
/ G End-\7^(y). A morphism f : V ^ W in V'^ is called negligible if it factors through a 

negligible object. (Compare pij section 3.) 

We record some basic facts about negligible objects and morphisms. 

Lemma 4.3. In V'^ we have 

(1) M ®N is negligible if M is, 

(2) ^x is negligible for every X G Fr f^y+ (cf. section W^) . 

(3) ^x, A G n y+, is not a direct summand of a negligible module, 

(4) direct summand of a negligible object is negligible, 

(5) direct sum of negligible objects is negligible, 

(6) /, /*, fg, gf, f ®g and g® f are negligible if f is, 

(7) f + g is negligible if f and g are. 

Proof. One can prove (1) and (6) using graphical calculus. We prove (2). Any / G Endv^(^y\) 
induces /(2)1 G Endvf.(cyA)- We see that trg(/) = because trq(/(g)l) = (cf. |Ki|). We prove 
(3). If ^Vx) A G Cr n was a direct summand of a negligible module M then ^x ® C would 
be a direct summand of M (8) C. But Andersen proved this can not be true (cf. |Kij again). 
Assertion (4) is obvious. Assertion (5) follows from tTq{f) = trg(7rio/o/,i)-|-trg(7r2 0/0^2) for 
/ G Endv' (Vi © V2) where vTj and Li, i = 1,2, are standard projection and injection. Assertion 

(7) follows from the universal property of the direct sum and (5). □ 
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Let 

(7) m{Ae) = £ + I, m{Be) = 21, m{Ci) = 3^-1, 

miPt) = 3^-6, m(^6) = 14, m{E^) = 21. 
Note that m(0) > h. The foUowing proposition is the key to prove proposition ll.il 

Proposition 4.4. // g is not of type -Eg; -^4 or G2 and r is a prime bigger than m(g) then 
for any object V in we have 

i 

where //j G 1+ fl Cr and Z is negligible. 

Under the assumption r is, in particular, prime to the non-zero entries of the Cartan matrix 
for g and is bigger than the Coxeter number. This proposition will be proved in section |S1 

4.3. Reduction to semisimple tensor categories. Let be the category of quotient 
by negligible morphisms. Objects in are the same as those in and 

Hom^^ iy, W) = Hom-y^ {V, VF) /negligible morphisms. 

Negligible objects in become in V^. By assertions (6) and (7) of lemma is a 

tensor category. According to proposition 14.41 is semisimple and is dominated by ^Va, 
A S y+ n Cr . This proves proposition 11.11 

5. Proof of proposition 14.41 

We will make use of some techniques from |GK| . The proof is done by checking different 
cases. In all the cases except we need to enlarge a little bit. Let be a subcategory 
of Vg. Every object in is a direct summand of -k ■ ■ ■ -k ^V^„ where -k is either (8> or © 
and jXi € Xj^ n Cr- Morphisms in are U^-morphisms. Obviously is a full subcategory 
of V^'. We can define negligible objects and morphisms in V^' similarly as in V^. If we prove 
proposition 14.41 in V^' (i.e. changing Y to X) then it is true in also. The Dynkin diagrams 
in figure 13 help us identify fundamental representations. 

5.1. Type A(^. Recall that A,, i = 1, . . . are the fundamental weights. In this case, the 
highest (short) root ao = ai + • • • + (cf. ^). We have (Aj + p|ao) = 1 + 1. Hence for any 
r > r?T,(g) = £ + 1, ^Va^ is an object in V^'. 

Let A = Yli '^i^i be a dominant weight in C^. nX+. By lemma ^Va is a direct summand 
of (^V^f"^* ) . Since ^F^, ^ G X+ n C^, is simple and direct summand of negligible object is 
negligible flemma 14.31 (41) it is enough to prove proposition 14.41 when V = ^Va <S5 ^Vx . with 
A E n Cr- In this case we have (A + Aj + p|ao) = (A + p|ao) + 1 < r. The proposition now 
follows from lemma and lemma 1^31 f 2). 

5.2. Type C^. It's known that ^Va- = i = 1, . . . , £, which is a direct summand of gV^* 
if the highest weight i\i is in Cr H X+ (cf. theorem 10.5.7 of |Wj and lemma . We have 
OiQ = ai + 2(02 + • ■ ■ + a^-i) + an and (Ai |ao) = 1. So (zAi + /9|ao) < (^Ai + p\ao) = M — 1 = 
m(g) < r and iXi is in (7^ nX+, f = 1, . . . , £. Therefore we only have to prove the proposition 
when V = ^V^ (8) for /Li G fl X+. This can be proved as in the case A^. 
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(I > 1) C) o ■ ■ ■ o o 

1 2 3 £-1 i 

Be {i > 2) n o ■ ■ ■ O ( ,) > C ) 

1 2 £-2 i-1 £ 

Ce {i>3) O ■ ■ ■ O C ) < O 

1 2 £-2 l-l £ 



De (£>4)C 
1 



Ee O 
1 



E7 q 

Figure 4. 

5.3. Type D£. We have oq = ai + 2(a2 + ■ • • + 0^-2) + Oii-i + For i = 1,£ — 1 and £ and 
n = 1,2, ...,£ — 3, we have 

{nXi + p\ao) = n + 2£-3<3£-6 = m{Q) < r. 

According to theorem 10.5.7 of |Wj and lemma IX2I all fundamental representations are direct 
summands of ^V^^ ,i = 1,£ — 1,£ and j = 1,2, ...,£ — 3. We can prove the proposition just 
hke Ai because (Aj|ao) = 1, i = 1, ^ — 1, ^• 

5.4. Type Eq. We have oq = «! + 202 + 203 + 304 + 205 +05 and {nXi + p\ao) < 14 = m{g) < 
r, i = 1,6 and n = 1, 2, 3. So ^Va., i = 1, 6 belong to Cr H X+. Using ^ and proposition 14.21 
we see that all fundamental representations ^V^i 1 1 < * < 6 are direct summands of (V\f^ 
or ^xf-', j = 1,2,3. By lemma ES1(2) we only have to prove the proposition when V = 
^y^i ® C^Ai; ^ = 1; 6. This can be proved as Ai since (Aj|ao) = 1 for i = 1, 6. 

5.5. Type Ej. We have oq = 2oi + 2a2 + 3a3 + 4o4 + 305 + 2o6 + 07 and {nXj + p\ao) < 
21 = m(g) < r, n = 1,2,3,4. So gV^^ belongs to Cr nX+. Using [S] and proposition 14.21 
we see that all fundamental representations ^\i,l < i < 7 are direct summands of ^Va^'^-', 
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j = 1, 2, 3, 4. By lemma 1131 we only have to prove the proposition when V = (gj^V^^. This 
can be proved as Ai since (Aylao) = 1- 

5.6. Type B/,. We work in V^. Let = {Ai, . . . , A£_i, 2A^} C Y. Because \X/Y\ = 2 and 
b£ C y we see that is a basis of the root lattice Y over Z. For any /i G b^, (/i|ao) = 2 
where ao = X]j cf. Therefore ^V^, /i € b^, is an object in V^. For any X £ Cr CiY^, 
is a direct summand of ^^-^ ig) • • • 03 for /Xj € b^ by lemma 14.21 Therefore we only 
have to prove the proposition when V = ig) ^V^ for X £ Y^ n Cr and ^ G b^. 

From the Cartan matrix we see that {ai\aj) is always an even number. For any X £ Y, 
there is an integer a such that 

(A + p\ao) =2a + (p|ao) = 2a + J]- j=i(ai|Aj) 

= 2« + Efci T^=Mi\^j) + E5=i(«£|A,) 

= 2a + Efcl E -=1 2<5., + E5=i 
= 2a + 2(£ - 1) + 1 = 2(a + £)-!. 

If A G y+ n Cr then (/x + /o|ao) < t — 2 because r is odd. Hence A + /x G fl y+ for any 
/X G b^ and we are done by proposition 14.21 and lemma (2). 



6. Integral TQFTs 

We will follow [T] to construct a modular category from the braided tensor category V^. 
Then we will follow [H] to get integral TQFTs. The construction of the TQFT is similar to 
the one in |(]Lj . 

Let g be a complex simple Lie algebra not of type Es,Fi, G2 and r be an odd prime greater 
than m(0). We fix a set of dominant simple objects 

A = A{%) = {^Vx I A G y+ n Cr}. 

We identify A with the set {A G y+ n C^}. 

6.1. Modular categories. It is well known that is a ribbon category, cf. |(]H ILelj . In 

order to make it into a modular category, we only have to make the S'-matrix 

invertible. 

Let C[X] be the algebra over C generated by f'^, A G X. The addition in C[X] is formal 
and the multiplication is given by v^v'^ = v^^^. One can map C[X] onto a subalgebra of 
Homc(U°,C) through 

'{ai\X)/di + c" 
t 



Ki-c 



t 



where V'r : .A ^ Z[^] is a ring homomorphism sending f to ^. Let 5 G C[X] be the Weyl 
denominator 



(8) 



n( 



Qe<i>4 



E 



sn Ui; m 



w{p) 
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where sn{w) = (_i)iength of 

©2 = Dl, = dim,{^Vxf, 

where dimq{^Vx) = tVgild^Vx) is the quantum dimension of ^V\. RecaU that wq is the longest 
element in W and i is the dimension of f). 

Lemma 6.1. Let r > m(g) be a prime and g be a simple Lie algebra not of type Eg, F^i, G2. 
Then 2)2 = and dei{Sf = ±'D2|^+na|_ 

Note that 5{K2p) ^ because r is odd and greater than h. This lemma is proved in the 
proof of theorem 3.3 in |Le2j where is denoted q. See also theorem 3.3.20 in |BKj where v 
is denoted q. Our assumption on r guarantees that it is coprime with ddet(aij). 

If we extend the ground Z[^] of to Z[,^,r^^] then the S'-matrix will be invertible. For 
some technical reason we also want to include a square root D of in the ground ring. Let 
C be a root of unity of order 

{r if ^ is even, r is arbitrary and sn(t(;o) = 1, 
r if £ is odd and sn(tt;o)r = 1 mod 4, 
4r otherwise. 

For elements x, y E we say that x ^ y x = zy for some invertible z in 
Lemma 6.2. D G Z[C,r-i]. 

Proof. By equation ®, 5{K2p) ~ - Since r ~ - If'^ , is in Z[C,r-^. It 

remains to notice that -y/ sn{'Wo)r^ € Z[("]. □ 

Let ^Va = ,^^A'8'Z[(",r"^]. Let be a category of U^-modules and U^-morphisms. Objects 
in V'^ are direct summands of ^V^^ ★ • ■ • *^V^„ where * is either (g) or © and /ij G y+ PI C^. Let 
be the category quotient by negligible morphisms. Clearly V'^ is a modular category 
dominated by A = {/Vx I A G 1+ n C^} and D is in the ground ring. 

There is a unique functor : — > V'^ respecting the ribbon structure with er{^x) = c^A 
and Brif) = / (g)Idz[^^r-l]• 
6.2. A TQFT based on V'^. We define a TQFT based on the ribbon category (cf. section 
3.2 of |CLj and section ITl)) . In the rest of this paper e-surfaces and e-cobordisms will mean 
V^-extended surfaces and V^-extended cobordisms unless otherwise specified. 

6.2.1. Parametrization of e-surfaces. A V^-extended type (or type for short) is a tuple {g; (Vi, vi), . . . , {Vm, Vm)) 
where > — 1 is an integer, V^'s are arbitrary objects from and ViS belong to {+, — }. 
If (7 = —1 then m = 0. We construct a standard handlebody Jit for every type t = 
{g; {Vi, z/i), . . . , {Vm, t'm)) shown in figurelHl It is a genus g handlebody standardly embedded 
in with a partially V^-colored ribbon graph Rt sitting in it (cf. section [!^. 4. Ij) . Here we as- 
sume the empty space is a handlebody of genus —1. The ribbon graph Rt consists of a coupon 
(the narrow rectangle near the bottom), m vertical bands (with m bases on the coupon and 
m bases pj, z = 1, . . . , m on d'Kt) and g half-circled bands (oriented to the left with bases on 
the coupon). The m vertical bands are oriented and colored according to t such that the i-th 
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Figure 5. The standard handlebody %t 

vertical band is colored by Vi and oriented up (resp. down) if i/j is — (resp. +). The normal 
vectors on the bands point toward the reader. Recall that the normal vector at pi is tan- 
gent to d'Kt- The boundary of 'Kt is an e-surface, called the standard e-surface of type t and 
denoted S^. The V^-marks pi,i = 1, . . . ,m are associated with (rii, Vi,Ui). The Lagrangian 
subspace is the kernel of the map Hi{d'Kt,Q) HiCKt^Q) induced by the inclusion. Note 
that 'Kt is generally not an e-cobordism because Rt is only partially colored. 
For any connected e-surface F let 

7r(F) = {p I p : St ^ F is an e-homeomorphism} 

be the set of all parametrizations of F up to e-isotopy (in the obvious sense). Note that F 
may be parametrized by more than one standard surfaces because the V^-marks on F are not 
ordered. For any e-surface F, '7r(F) is not empty (IV. 6. 4. 2 of [Tj). 

6.2.2. The modular functor. For any integer a let A"" be the set {Cr H 1+)" if 5 > and the 
one-element set {•} otherwise. Let A, = Z[(^,r~^] and for A € ^4^ with g > let 

a 

1=1 

where Aj is the i-th coordinate of A and the tensor products are taken over Z[C,r-i]. Note 
that Ax is an object in V'^. 

For any (V^-extended) type t = {g; (Vi, vi), . . . , (Vm, Vm)) and A E ^4^ let 

m 

Tt,x = Homv, (Z[C,r-i], ((g) e,(yi)"0 ® A^) 

1=1 

where the tensor products are taken over Z[C,r~^]. Here er{Vi)~^ = er{Vi) and er{Vi)~ = 
eriVi)* for i = 1, . . . , m. 

Let Tt = (Bxi^AaTt^x. Suppose F is a connected e-surface of type t. For a parametrization 
p G vr(F), set Tp(F) = Tf. For two parametrizations p,p' € '?i"(F) define an isomorphism 
(p{p,p') : Tp(F) Tp/(F) of r~^]-modules^. Identify the vector spaces {'J'p(F)}pg^(r) 
along the isomorphisms {'/?(p,p')}(p,p')- The resulting vector spaces T(F) depends only on F. 
For any parametrization p : ^ F, T(F) is canonically isomorphic to 'Jp(F). Denote this 
isomorphism by p^. 

^The actual formulas of (p{p,p') will not be used in the sequel. Interested readers can find them in IV. 6. 3 
and IV.6.4.2 of [T]. 
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Let r and T' be connected e-surfaces. For an e-homeomorphism / : F ^ F' we define 
T(/) : T(F) — > 'J'(F') as follows. Pick any parametrization p : — s- F. Then fp is a 
parametrization of F'. Set 7{f) = {fp)^{p^)~^ which does not depend on the parametrization 
we choose (cf. IV.6.3.1 of [Xl). 

For non-connected e-surfaces we can do the above componentwisely and then form tensor 
product. Recall that C(V^) is the category of e-surfaces and e-homeomorphisms. We have a 
modular functor 1 : e(V^) ^ Mod{Z[C , r-^]) (cf. IV.6.3.3 of [Tj). 

Remark. Unlike |T|, which uses only a modular category in the construction, we start with 
the ribbon category in the construction of the e-surfaces and e-cobordisms and use the 
modular category later when we define the modular functor 7. This modification ensures 
that the TQFT constructed in the next subsection is almost integral. 

Remark. We quote several results from [Tj in this and the next subsections. They are valid 
in our construction because the places where we use these results are the places where we are 
using the modular category V'^. 

6.2.3. An almost integral TQFT. Because V'^ is a modular category one can follow IV. 9 in [T] 
to get a TQFT (T^, r"") based on V'^ with ground ring Z[C, r~^]. Any V^-extended cobordism 
(M, F, A) induces a V^-extended cobordism (M, F, A). One just needs to replace any object 
y G by er{V) and any morphism / € by er{f). Hence one has a Z[C, r~^]-linear map 

r"'(M) : T^(f) ^ ^(A). 

From the definition of the modular functor T given in section 16.2.21 it is easy to see that 
7{Z) = 7%Z) for any V^-extended surface Z. Set r(M) = r"'(M). 

Proposition 6.3. Suppose q is not of type Es,F4,G2 and r > m(Q) is an odd prime. The 
pair (T, r) is a nan- degenerate TQFT based on V'^ with ground ring Z[C,r^^]. Furthermore, 
(T, r) is almost Z[Q-integral. 

This proposition can be proved as lemma 3.1 and theorem 3.2 in |CLj . We will sketch the 
proof for the almost integrality in section 16.3.21 

6.3. Integral TQFTs. Gilmer showed in fU^ that when q = 3l2 the TQFT constructed in 
pjHMVj can be restricted to a sub-cobordism such that the modules of surfaces are free over 
some ring of algebraic integers. We prove that the same can be done for the TQFT (T, r) 
constructed in section We again fix a simple Lie algebra g not of type E^^F^^ G2 and an 
odd prime r > m{Q). 

6.3.1. Restricted cobordisms. A cobordism (M, S', E) is said to be targeted if the 0-th relative 
Betti number /3o{M, S) is zero. We say [M] = r(M)(l) G 7{M) is a targeted vacuum state 
if (M, 0, S) is targeted. A cobordism (M, E', E) is said to be even if 

(10) u;(M) =/5o(E)+/3i(E)/2 + /3o(K(M))+/3i(i^(M)) mod 2, 

where K(M) is a homologically canonical closed 3-manifold, which is equal to M if M is 
closed (cf. jn])- We say [M] is an even vacuum state if (M, 0, E) is even. 
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For any e-surface S, let S(S) (resp. ^^-(E), S+($])) be the submodule of T($]) generated 
by targeted (resp. even, even targeted) vacuum states over Z[C] (resp. Z[^,r^^], 

Proposition 6.4. Given the data above, for any targeted (resp. even, even targeted) cobor- 
dism (M, S', S), 

r(M) : S(S') ^ S(S), {resp. T+(S') ^ T+(S), S+(S') ^ §+(S)). 

For any e-surface S, T(S) (^resp. T+(5]), §(S), §+(S)j is a free Z[C,r~-'^]- ('resp. Z[^,r^-^]-, 
module of finite rank. 

We will prove this proposition in section 16.3.31 It implies proposition 11.21 and contains 
theorem 5 of |Sj because sn(it;o) = — 1 and £ = 1 when g = 5(2. 

6.3.2. Surgery formula. Let J = be the functor from V^-colored ribbon graphs to that 

respects the ribbon structure, cf. 1.2.5 of [Tj. The functor J^'^ is usually called the colored 
Jones polynomial. Let O U L be a ribbon graph in where is V^-colored and L is an 
uncolored framed link of m components. Recall that for any integer a > 0, A" = {Cr □1+)'^. 
For ^ = {fii, . . . , ij^m) G A"^, denote by L{fi) the V^-extended framed link with the i-th 
component colored by gV^^. Let U"^ be the trivial link of m components. Define 

and 

(11) ^{L,n) = X] QnuLifi)- 

Let {M,Q,w) be a closed connected V^-extended 3-manifold. We first recall how to com- 
pute [M] from a surgery description of M. Suppose that M is the result of surgery on a 
framed link L C S^. Then there exists a V^-colored ribbon graph Q' in disjoint from L 
such that {M,n) is the result of (S'^^^' U L) surgery on L. By slight abuse of notation we 
will write O for 0,'. Let [/+ and U- be the trivial knots with +1 and —1 framing respectively. 
It's known that F-F^ = D"^ where F± = F(^ij_^^i^-^ as in equation (|llj) . cf. |Kij . Let k be the 
square root of F- /F^ such that kT) = F- . 

According to IV.9.2 and II.2.2 of T 

[M] = T(M,f7,u;)(l)= 

where f5i is the first Betti number of M and o", (T+ and o"_ are the signature, the number 
of positive eigenvalues and the number of negative eigenvalues of the linking matrix of L 
respectively. Recall that cr = 0"+ — cj_ and m = cr+ + cr_ + /3i . 

Lemma 6.5. // {M,Q..,w) is a closed connected V'^-extended 3-manifold then F_[M] is in 
7j[Q and it is in if M is furthermore even. 
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Proof. It is proved in CL^ that j.+^'f ^ ^ , is in Therefore we only need to prove ^(^1+'^+^ 

belongs to an appropriate ring. By lemma W?R k = F-jT) is in the fractional field of 
Since k is always a root of 1 (cf. BK^), k is an element of By equation H1U|1 /3i + tt; + 1 
is an even number if M is even. □ 

This lemma implies that (T, r) is Z[C]-almost integral and (T+,r) is Z[^]-almost integral. 

Corollary 6.6. For any e-surface S, S(S) (resp. S+(S)^ is a finitely generated projective 
Z[C]- (resp. Z[C]-) module and S(S) O^f^j Z[C,r-^] = T(S) (resp. S+(S) (g)^^] zfe,r-i] = 

T+(s);. 

This can be proved using theorem 1 of Kj.^ and lemma 

6.3.3. Proof of proposition By the definition of T in section 16.2.21 and the fact that V'^ is 
dominated by free Z[(^, r~^]-modules of finite rank, we see that T(S) is free of finite rank. 

The freeness of T+(E) can be proved similarly as proposition 7 in |U| using the freeness of 
T(S) and proposition 16.51 Note that r, ^ and ( are denoted p, and ap respectively in [Hj . 
(Note that Z[Ap] = Z[Al] lip is odd.) Since S+(S) Z[^, r ^] is isomorphic to one 
can show that S+(S) is a free Z[^]-module using lemma 1 (and the discussion before it) of 
[U] . Hence S(E) = S+(S) ^zf^] ^[C] is also free. 

6.3.4. Bases. Gilmer and Masbaum announced that explicit bases for the integral TQFT in 
[U] can be obtained using the Kauffman bracket skein module. It will be interesting to know 
what these bases stand for in the representation theory of quantum groups. Are they related 
to the canonical bases? 
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